We provide a simple construction of bipartite entangled states that are positive under partial transposition, and hence undistillable. The construction makes use of the properties of the projectors onto the symmetric and antisymmetric subspaces of the Hilbert space of two identical systems. The resulting states can be considered as generalizations of the celebrated Werner states.
I. INTRODUCTION
Entanglement [1] is at the core of quantum information processing [2] . By considering the physically motivated framework of distant laboratories, where only transformations implemented by local operations and classical communication (LOCC) are allowed, entanglement is elevated to the status of resource. In such a framework, there is great interest in understanding possibilities and limitations in the manipulation of entanglement, in particular with respect to the distillation of noisy entanglement into pure-state entanglement [3] . We know that noisy entangled states that are positive under partial transposition (PPT) cannot be distilled [4] , and are hence called bound entangled [5] . To focus on such a noisy kind of entanglement is useful and interesting for several reasons. One such reason is that noisy entangled states provide a testbed for entanglement detection methods [6] , and for the study of the relation between phenomena like entanglement, steering [7] , and non-locality [8] . From a mathematical standpoint, the study of such states is linked to the study of positive but not completely positive maps [9] . Finally, noisy entangled states are also connected to superactivation effects in quantum information [11] .
While there are several examples of PPT entangled states in literature (see, e.g., [12] [13] [14] [15] [16] ), their structure is often relatively complicated, and not amenable to a simple parametrization in terms of a noisy parameter or dimensionality. From a theoretical perspective, one consequence of this is that, when discussing how noise affects tasks and tests that involve entanglement, the analysis of the role of noise is often less comprehensive than it could be. This is because it is customary to focus on exemplary classes of noisy entangled states with a simple structure, like Werner states [17] (see Section III A) or isotropic states [18] , which do not exhibit PPT entanglement in any range of the parameter involved. From an experimental point of view, it would be convenient to have examples of PPT entangled states with a simple structure, because they could conceivably be implemented more easily in the laboratory (see, e.g., [19] [20] [21] [22] ), for example to test effects like superactivation [11] .
Here we present some tools for the numerical and analytical construction of simple examples of PPT bound entangled states. Such examples are based on the properties of the projections onto the symmetric and antisymmetric spaces of two qudits.
II. ENTANGLEMENT, PARTIAL TRANSPOSITION, AND BOUND ENTANGLED STATES
We recall some basic notions of entanglement theory [1] .
Consider 
for an appropriate choice of orthonormal bases {|a i } for A and {|b i } for B, with the p i 's forming a probability distribution. The number of non-zero terms in such a probability distribution, that is, the number of non-zero factorized terms that enter in the Schmidt decomposition, is called the Schmidt rank of |ψ . A general mixed state ρ of AB is a positive-semidefinite unit-trace operator on H AB , and it can be expressed as convex combination of projectors onto pure states |ψ ψ|:
We say that ρ has Schmidt number m if it can be expressed as convex combination of pure states such that each |ψ k has at most Schmidt rank m, and if any convex combination corresponding to ρ necessarily contains at least one state |ψ k with Schmidt rank greater or equal to m (with non-vanishing probability) [23] . A mixed state is separable or unentangled if it has Schmidt number one, that is, if it can be expressed as
Notice that in such a separable expression, the states |α k (|β k ) do not necessarily correspond to an orthonormal basis for A (for B). A mixed state is entangled if it has Schmidt number strictly larger than one, equivalently, if it is not of the form (2) . In general, it is hard to determine whether a mixed state is separable or entangled [1, 6] . A simple but powerful test to detect entanglement is given by partial transposition [9, 24] : if the state ρ is separable, then the partially transposed state
, where T indicates the transposition operation, is still a positive semidefinite operator; thus if ρ ΓA is not positive semidefinite, then ρ must be entangled. The basis of A in which partial transposition is taken is irrelevant for the sake of the power of the test, because one easily verifies that the spectrum of the partially transposed state does not depend on such a choice. Similarly, one could equivalently apply partial transposition on B, because
TAB , where T AB is a global transposition that preserves positivity. Hence, in the following, we will indicate the partially transposed state simply by ρ Γ , unless further specification is required.
Many protocols in quantum information processing make use of pure-state entanglement, or, even more specifically, of maximally entangled states, where the probability distribution in Eq. (1) is flat. Since entangled states that are generated between distant locations are rarely of this form, an important process in entanglement manipulation is that of entanglement distillation, where many copies of a mixed entangled state ρ are transformed into many (approximate) copies of a maximally entangled state at some rate. When the rate of conversion is non-zero, we say that the state ρ is distillable, while entangled states such that the rate vanishes are called undistillable. One proves that PPT entangled states are undistillable [4] .
III. SYMMETRIC AND ANTISYMMETRIC SUBSPACE
Let A and B be two d-dimensional systems, with total Hilbert space
Such a composite Hilbert space can be written as the direct sum of the symmetric and antisymmetric subspaces:
The symbol ⊕ denotes direct sum, while ∨ and ∧ denote the symmetric and antisymmetric tensor product, respectively [10] . The symmetric and antisymmetric subspaces have dimensions
, respectively. Consider the swap operator V = V AB which may be defined implicitly by its swapping action on every factorized state |α |β : V |α |β = |β |α . It is worth noticing that, given the maximally entangled state
for {|i } a chosen local computational orthonormal basis, one has
where partial transposition is taken in the computational basis.
The projector onto the symmetric space is given by
and the projector onto the antisymmetric space is given by
Such projectors are orthogonal and sum up to the identity operator. From their expressions (3) and (4), it is immediate to derive the following relations for normalized single-system state vectors |α and |β :
A. Werner states
Werner introduced a class of states that are invariant under U ⊗ U transformations [17] . They correspond to convex combinations of the normalized projectors onto the symmetric and antisymmetric subspaces:
It is well known that the Werner states are separable only when the probability p is such that they are PPT, that is, for 0 ≤ p ≤ [17] , their high degree of shareability despite their degree of entanglement [28] , their implementing quantum data hiding [29, 30] .
IV. ANTISYMMETRIC IMAGE OF SEPARABLE STATES
We provide two simple observations about the properties of projections of product states onto the antisymmetric subspace that follow directly by inspection from relations (6) and (8).
Observation 1. Let |α |β be a normalized product state. Then, either P A |α |β = 0 in the case | α|β | = 1, or |ψ AB = P A |α |β / P A |α |β is a normalized state with Schmidt rank equal to two. Observation 2. Let |ψ AB = P A |α |β / P A |α |β , for |α |β a normalized product state with | α|β | < 1. Then there is another normalized state |α ′ |β ′ such that
In particular this is possible with the choice |α ′ = |α and
Observation 2 leads to the following lemma. Proof.
To any term in the sum such that p i > 0 and | α i |β i | < 1, associate a probability p
and local states |α
| verifies the stated conditions, as it can be checked by the application of Observation 2.
V. A SEMIDEFINITE-PROGRAM APPROACH TO GENERATE PPT ENTANGLED STATES
Let ρ A be a bipartite antisymmetric state, that is, fully supported in the antisymmetric subspace:
We are interested in finding the largest probability of obtaining such a state from a PPT state by projecting onto the antisymmetric subspace, that is the following quantity, defined as the solution to an SDP:
We prove the following.
Proof. Let us start from the lower bound. For the given ρ A , let us consider the family of states σ(p) = pρ A + (1 − p)P S /d S . By construction, σ(p) is a valid quantum state, and it holds that P A σ(p)P A = pρ A , with Tr(P A σ(p)) = p. We now want to find ap such that σ(p) Γ ≥ 0 for all p ≤p. One has
Thus, one finds
where we have used that
since the smallest eigenvalue of the partial transposition of a pure state is at most −1/2, and its corresponding eigenstate is antisymmetric. Imposing
The upper bound can be found by considering that, for an arbitrary PPT state σ, that is, such that σ Γ ≥ 0, one has
Now suppose that, for a given antisymmetric state ρ A , we find p PPT (ρ A ) < 1/2, and that the optimal PPT state achieving the value is σ * . We argue that σ * is a PPT entangled state. Indeed, suppose that it was separable; then, Lemma 1 ensures that this would imply the existence of some other separable state, which is a fortiori PPT, that would also be projected onto ρ A with probability 1/2. This is a contradiction, since we have assumed p PPT (ρ A ) < 1/2. Thus, one can generate PPT entangled states through the following procedure:
1. take an arbitrary antisymmetric state ρ A ; 2. compute p PPT (ρ A ) via the SDP (10);
Notice that antisymmetric states ρ A can be generated at random, for example by generating a random bipartite state ρ, and considering ρ A = P A ρP A / Tr(P A ρ).
VI. STRUCTURE OF PPT STATES THAT GENERATE AN ANTISYMMETRIC STATE
In the previous section we obtained a lower bound to p PPT (ρ A ) through the use of the class of feasible solutions for the SDP (10) given by σ(p) = pρ A + (1 − p)P S /d S = pρ A ⊕ (1 − p)P S /d S , which we proved to be PPT states for p small enough. We argue here that, among the P P T states σ * that are optimal for the sake of the probability p PPT (ρ A ) defined in (10), there are always states with the structure σ
where ρ S is a state with support on H S . Indeed, let σ * be a PPT state that is optimal for the sake of p PPT (ρ A ). One can then consider σ ′ * = (σ * + V σ * V )/2, which by construction has the structure σ ′ * = P A σ * P A ⊕ P S σ * P S . Notice that (V τ V ) ΓA = V τ ΓB V , so that V τ V is PPT if and only if τ is PPT. Hence, σ ′ * is PPT, because it is the convex combination of two PPT states, and clearly such that
VII. ANALYTICAL EXAMPLES OF PPT ENTANGLED STATES
We want to provide analytical examples of PPT entangled states that can be identified as such based on reasoning along the lines of the previous sections. The idea is to look at states of the form σ = pρ A ⊕(1−p)ρ S for some simple choice of parameter p and of states ρ A and ρ S that make the state σ certifiably PPT entangled. We are going to choose ρ S = P S /d S . From the proof of Theorem 1, we know already that, as long as p ≤ 1/(d S + 1), σ is going to be PPT. We only need to find a simple condition on ρ A that ensures that σ is entangled. We can find such a condition invoking Lemma 1, which implies that any antisymmetric pure state that originates from the projection onto the antisymmetric subspace of a pure factorized state has at most Schmidt rank equal to two. In general, this means that any separable state will be mapped onto antisymmetric mixed states of Schmidt number at most equal to two [31] . We conclude that, as soon as ρ A has Schmidt number strictly greater than two, and for any p > 0, the state pρ A ⊕(1−p)ρ S is entangled. Notice that this does not contradict the fact that there are Werner states that are separable. In the case of Werner states, one has ρ A = P A /d A , and the latter antisymmetric state, proportional to the projector onto the antisymmetric space, has Schmidt number equal to two, and can be obtained with probability 1/2 from a separable state.
The simplest way to make sure that ρ A has Schmidt number strictly larger than two is to choose ρ A = |ψ A ψ A |, for |ψ A an antisymmetric vector state with Schmidt rank strictly larger than two.
We remark that generic random antisymmetric vector states in dimension d = 2m have Schmidt rank 2m, and can in principle be generated (up to normalization) starting from a generic vector states without a definite symmetry, and projecting onto the antisymmetric space.
An analytical, non-random constructions can be easily put forward. For example, in even dimensions d = 2m, one can consider the antisymmetric vector states
where
for k, l = 1, 2, . . . , d and k < l. The vector state |ψ A in Eq. (11) has Schmidt rank equal to twice the number of non-zero amplitudes c i . One may consider of particular interest the case where |ψ A in Eq. (11) is maximally entangled between that two 2m-dimensional systems, that is, where the coefficients satisfy |c i | = 1/ √ m so that all its Schmidt coefficients are equal to 1
VIII. CONCLUSIONS
We constructed simple analytical examples of entangled states that remain positive under partial transposition (PPT entangled states). Our construction also allows to generate numerical (random) examples of PPT entangled states.
Our construction exploits some specific properties of the projectors onto the symmetric and antisymmetric subspace, and in many ways one can consider the states that we put forward as modifications or generalizations of the well-known Werner states. It is worth emphasizing that the construction of Section VII suggests that, when considering examples of noisy entangled states in the context of quantum effects and quantum protocols, it might be interesting to consider a two-parameter family of states
with p A ≥ 0, p S ≥ 0, p A + p S ≤ 1, and |ψ A an antisymmetric state vector with Schmidt rank strictly larger than two, so that this two-parameter family comprises all Werner states and also PPT entangled states. Notice that, in even dimensions, if |ψ A is chosen to be maximally entangled, the family of states (12) comprises both Werner states and isotropic states (up to local unitaries).
Future work that takes into account the key properties of the symmetric and antisymmetric subspaces that we have made use of may lead to further generalizations.
It is worth noticing that, thanks to the ChoiJamio lkowski isomorphism [32, 33] , our construction identifies classes of PPT-binding [34] but not entanglement-breaking [35] channels, which might be useful to study superactivation effects in quantum information processing [11] .
